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We investigate parton distributions in the virtual photon target, both polarized and unpolarized, up to the 
next-leading order (NLO) in QCD. Parton distributions can be predicted completely up to NLO, but they are 
factorization-scheme-dependent. We analyze parton distributions in several factorization schemes and discuss 
their scheme dependence. Particular attentions are paid to the axial anomaly effect on the first moments of 
the polarized quark parton distributions, and also to the large- a; behaviors of polarized and unpolarized parton 
distributions. 



1. INTRODUCTION 

In e + e~ collision experiments, we can measure 
the spin-independent and spin-dependent struc- 
ture functions, F^(x,Q 2 ,P 2 ) and gJ(x,Q 2 , P 2 ), 
of the virtual photon (Fig.l). 




c (c ) 



where — Q 2 (~P 2 ) is the mass squared of the 
probe (target) photon, and A is the QCD scale 
parameter, we can calculate the whole structure 
function up to the next-to-leading order (NLO) 
by the perturbative method, in contrast to the 
case of the real photon target where in NLO there 
exist non-perturbative pieces. The NLO analyses 
of the virtual photon structure functions, i 7 ^ 7 and 
7 , have been made by Uematsu and Walsh j 
and the present authors [ |), respectively. In 
this talk we will report the result of our investiga- 
tion of the parton distribution functions (pdf's) 
in the virtual photon target. The behaviors of 
the pdf's can be predicted entirely up to NLO, 
but they are factorization-scheme-dependent. We 
carry out our analysis for the pdf's of polarized 
and unpolarized virtual photon in several differ- 
ent factorization schemes, and see how the pdf's 
change in each scheme. 



Figure 1. Deep inelastic scattering on a virtual 
photon in e + e~ collision. 

The advantage in studying the virtual photon 
target is that, in the case 



A C P < 



(1) 
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2. PARTON DISTRIBUTIONS IN VIR- 
TUAL PHOTON 

We write down below the expressions for the 
polarized case. The expressions for the unpo- 
larized case are easily obtained from the corre- 
sponding ones in the polarized case by remov- 
ing the symble A and replacing gj with F^/x. 
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Let Ag 7 (Ag 7 s ), AG 7 , Ar 7 be the flavor singlet 
(non-singlet)-quark, gluon, and photon distribu- 
tion functions, respectively, in the longitudinally 
polarized virtual photon with mass -P 2 . In the 
leading order of the electromagnetic coupling con- 
stant, a — e 2 /An, AT 7 does not evolve with Q 2 
and is set to be Ar 7 = 8(1 — x). In terms of 
the Mellin moments of these pdf's, the moment 
of the polarized virtual photon structure function 
gJ(x,Q 2 , P 2 ) is expressed in the QCD improved 
parton model as 

gj(n, Q 2 , P 2 ) = AC 7 (n, Q 2 ) ■ Aq 7 (n, Q 2 , P 2 ) (2) 



where 

AC 7 (n,Q 2 ) = (AC] 
Aq 7 (n,Q 2 ,P 2 ) = (Aq 7 



AC 7 , 
AG 7 



AC 7 S 



Aq 1 



NS 



AG 7 ) 
, Ar 7 ) 



and AC](AG 7 S ), AC 7 , and AG 7 are the mo- 
ments of the coefficient functions corresponding 
to singlet(non-singlet)-quark, gluon, and photon, 
respectively, and they are independent of P 2 . 

The pdf's Aq 7 satisfy inhomogeneous evolu- 
tion equations. The explicit expressions of Aq 7 ,, 
AG 7 , and AqJj S up to the NLO are derived from 
Eq.(4.46) of Ref.[ |^]. They are given in terms 
of one- (two-) loop hadronic anomalous dimen- 



sions A 7l (0) ' Tl (A 7l (1) ' Tl ) 



V,G) and A 7 ^' n 



(A 7 j^g n ), one-(two-) loop anomalous dimensions 
AK (o),n ( AK (i),n^ ^ = ^ : Q,NS) which rep- 
resent the mixing between photon and three 
hadronic operators Rf (i = i(),G,NS), and fi- 
nally AAf, the one-loop photon matrix elements 
of these hadronic operators renormalized at [i 2 = 
P 2 (= -p 2 ), 



< 7 (p) I B?M I 7(P))U 2 =P= 



An 



-A A" . 



(3) 



3. FACTORIZATION SCHEMES 



Although gl is a physical quantity and thus 
unique, there remains a freedom in the factoriza- 
tion of gj into AC 7 and Aq 7 . Given the formula 
Eq.(||), we can always redefine AC 7 and Aq 7 as 
follows [ U : 

AC>,Q 2 ) -> AC 7 (n,Q 2 )| Q 

= AC^(n,Q 2 )Z- l (n,Q 2 ) 



Aq>,Q 2 ,P 2 ) - Aq(n,Q 2 ,P 2 )| a 

= Z a (n,Q 2 ) Aq 7 (n,Q 2 ,P 2 ) 

where AC 7 | a and Aq| a correspond to the quan- 
tities in a new factorization scheme-a. The most 
general form of a transformation for the coeffi- 
cient functions in one-loop order, from MS scheme 
to a new factorization scheme-a, is given by 



AG]; : 

AC 7 ;" a 
AC 7 S " Q 



AG 7 ; n a 



AG 7 ' — - 

S, MS 

AG 7 ' — - 

G, MS 

AG 7 ' n — 

NS, MS 



(e 2 )-^ Aw a (n) 
Zir 

(e 2 )g Az a (n) 

Z7T 



(4) 



A ^ - - 3(e 4 )Ai Q (n) 



where (e 2 ) = ef/iV,, (e 4 ) = Ei4/N f , with 
Nf being the number of flavors of active quarks 
and ej being the electric charge of i-flavor-quark. 

Once the relations (J4j> between the coefficient 
functions in the a-scheme and MS scheme are 
given, we can derive corresponding transforma- 
tion rules [ |i| from MS scheme to a-scheme for the 
relevant two-loop anomalous dimensions and also 
for the one-loop photon matrix elements, AAJJ 
and AA^c;, of the quark operators. Note that, 
in one-loop order, the photon matrix elements 
of gluonic operators Rq vanish in any scheme, 
AAq = 0. 

We consider three different factorization 
schemes both in the polarized and unpolarized 
cases. 

3.1. The polarized case 

(i) [The MS scheme] This is the only scheme in 
which both relevant one-loop coefficient functions 
and two-loop anomalous dimensions [ [s], |) were 
actually calculated. In the MS scheme, the QCD 
(QED) axial anomaly resides in the quark distri- 
butions and not in the gluon (photon) coefficient 
function [ |?], g|. In fact we observe 



A 7 



(l),n=l 
iptji, MS 



= 24C F T>^0, 



AP 



G, MS 



AP 



7, MS 







(5) 



Also the first moment of the one-loop photon ma- 
trix element of quark operators gains the non-zero 
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values, i.e. 



AATrm = 

tp, MS 



(e 2 ) 



-12(e a )JV> 



AA n=1 

2\2 NS, MS 



(6) 



which is due to the QED axial anomaly. 

(ii) [The chirally invariant (CI) scheme] In 
this scheme the factorization of the photon-gluon 
(photon-photon) cross section into the hard and 
soft parts is made so that chiral symmetry is re- 
spected and all the anomaly effects are absorbed 
into the gluon (photon) coefficient function [ ||. 
Thus the spin-dependent quark distributions in 
the CI scheme are anomaly-free. In particular, 
we have 



A-Bg, ci 

^'ipip, CI 



-2N f 
, AA 



1 

V>, ci 



AA 



NS, CI 



(7) 
. 



The transformation from the MS scheme to the 
CI scheme is achieved by 



Atuci(ra) = , 
Azci(n) = Azci(n) 



2N f 



(8) 



n(n + 1) 

(iii) [The off-shell (OS) scheme] In this 
scheme [ |To| we renormalize operators while keep- 
ing the incoming particle off-shell, p 2 ^ 0, so 
that at renormalization (factorization) point /i 2 = 
— p 2 , the finite terms vanish. This is exactly 
the same as "the momentum subtraction scheme" 
which was used some time ago to calculate, for in- 
stance, the polarized quark and gluon coefficient 
functions [fjl|,|l§|. The CI- relations in Eq.(@) also 
hold in the OS scheme. The transformation from 
MS to the OS scheme is made by choosing 

Awos(n) 



= C f 



S^n)} 2 + 3S 2 (n)-S 1 (n)(- 
J Vn 



2 

n 



1 



n + 1 n 
Az s{n) = Az s(n) 
n — 1 



(9) 



N 



a i x 1 1 

— — —S x {n) + - + — 
nyn + 1) n 



(n+l) 2 

It is noted that in the OS scheme we have 
AA^ os = AA n NS ^ os = for all n. 



3.2. The unpolarized case 

To study the pdf's inside unpolarized virtual 
photon, we consider three factorization schemes: 
(i) The MS scheme; (ii) The off-shell (OS) scheme; 
and (iii) The DIS 7 scheme. The transformation 
from MS to the OS scheme is achieved by 



wos{n) = Awos(n) 
Zos(n) = Zos(n) = N f 



n(n + l)(n + 2) 
4 4 



Si(n) 
(10) 



n n 2 (n + l) 2 (n + 2) 2 

The DIS 7 was introduced [ [ll| some time ago 
for the analysis of the unpolarized real photon 
structure function Fz(x,Q 2 ) in NLO. In this 
scheme the direct-photon contribution to F% is 
absorbed into the photonic quark distributions, 
so that we take 



u>dis t W = 2 D is T (n) = 



= Nf 



4 7, MS 

n 2 + n + 2 



(11) 



:Si(n) 



n(n + l)(n + 2) 

116 6 

+ -7 + 7 Z 

n n n+l n+2 

With these preparations, we now examine the 
factorization scheme dependence of the pdf's in 
virtual photon. 

4. THE n = 1 MOMENTS OF POLAR- 
IZED PDF'S 

The first moments of polarized pdf's are par- 
ticularly interesting due to their relevance to the 
axial anomaly [ ^2). ^From now on we omit to 
write the explicit Q 2 - and P 2 -dependeces in Aq^, 
AqJj S , AG 1 and in their unpolarized counter- 
parts. For the CI and OS factorization schemes, 
we have 



Aw a {n = 1) = 0, 
Az Q (n = 1) = Az a (n = 1) = N f 



(12) 



where a — CI, OS. These schemes, therefore, give 
the same first moments for the pdf's. In fact, we 
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find AA^l 



A A n=1 



A g 7 (n=l)| a = A<z 7 > = l)| Q = 



and this leads to 

(13) 



up to NLO. In these schemes, the axial anomaly 
effects are transfered to the gluon and photon co- 
efficient functions. On the other hand, in the MS 
scheme the axial anomaly effects are retained in 
the quark distributions. In fact we obtain for sin- 
glet quark pdf, for example, 

a 



7T 
< 1 



-- 3(e 2 )7V /j 

2 a s (P 2 ) - a s (Q 2 ) 



The factor 



■f 3(e 2 )iV / 



(14) 



is related to the QED 



axial anomaly and the term JL as ( p )^"s(Q ) jyy 
is coming from the QCD axial anomaly [ [lJJ . 
For gluon distribution, we obtain in NLO 



AG 7 (n = 1) 
12a 



2 )N f 



a s {Q 2 ) - a s (P 2 ) 



(15) 



ttPo"' '" J a s (Q 2 ) 
the same result for MS, CI and OS schemes. 

5. The PDF'S NEAR x = 1 

The behaviors of pdf 's near x — 1 are governed 
by the large-n limit of those moments. 

5.1. The polarized case 

The pdf's in LO are factorization-scheme in- 
dependent. For large n, Aqg(n)\i,o and 
A9/v S (n)|Lo behave as l/{n In n), while 
AG 7 (n)|Lo K l/(i hi n) 2 . Thus in x space, the 
pdf's vanish for x — ► 1. In fact we find 



A 9s(a;)|LO 
a 47r 



4tt a s {Q 2 ) 

AG 7 (x)| LO 
a 47r 
~ 4^a s (Q 2 ) 



A^e 2 } 



-1 



4 In (1 - a) 



(16) 



Nf(e 2 )- 



-ln 



2 In 2 (1 



The behaviors of AqJj S (x) for x — > 1, both in LO 
and NLO, are always given by the corresponding 



expressions for Aq^(x) with replacement of the 
charge factor (e 2 ) with ((e 4 ) — (e 2 ) 2 ). 

From analysis of the large n behaviors for the 
moments of the NLO pdf's in the MS scheme, we 
find near x = 1, 



Aql(x)\ 

NLO, MS 



AG 7 (z)| 



NLO, MS 



-A7(e 2 )6 [-Hl-x)}, 
^- Nf (e 2 )3[-lnx}. (17) 



It is remarkable that in the MS scheme quark 
pdf's, Ag 7 (a;)| NLoM s and Ag 7 s (x)| NLO jM g, di- 
verge as [— ln(l — x)] for x — ► 1. The NLO quark 
pdf's in the CI scheme also diverge as x — ► 1. In 
fact we observe that Ag^(a;)|NLO,ci approaches 

A 9sO)Inlo,ms for lar § e x - 

On the other hand, the OS scheme gives quite 

different behaviors near x = 1 for the quark pdf's. 

We find that, in x space, Ag^(x)|NLo,os does 



not diverge for x 
value: 



a 9s( 2; )|nlo 



OS 



1 but approaches a constant 



a , r,, r69 3 
^/(e 2 )[y + i iV/ -(18) 



5.2. The unpolarized case 

In LO the pdf's of unpolarized virtual photon 
target have the same behaviors as the polarized 
case for x — > 1. We obtain 



qs(x)\LO 
G 7 (x)| LO 



Ag^(x)| L o 
AG 7 (a;)| L o 



(19) 



Furthermore, we have found that the NLO be- 
haviors of the pdf's, which are predicted by each 
factorization scheme for x — > 1, are the same both 
in the unpolarized and polarized cases. More 
specifically 



9s(2;)|nlo, a ~ Aq^(x)\NLO, a (20) 

G 7 (x)|NLO, a « AG 7 (x)|NLO, a 

where a = MS, OS. 

In DIS 7 scheme, quark pdf's becomes negative 
and divergent for x — ► 1. In fact, we find 

?2(*)Inlo,dis 7 « £ 6N f (e 2 )[\n (1 - x)] (21) 

This is due to the fact that the photonic coef- 
ficient function G 7 (x), which becomes negative 
and divergent for x — > 1 in MS, is absorbed into 
the quark pdf's in the DIS 7 scheme. 
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Figure 2. The polarized singlet quark distribution 
Aq}(x, Q 2 ,P 2 ) in LO (solid line) and beyond LO. 
The NLO results are from MS (dash-dotted line), 
CI (short-dashed line), and OS (long-dashed line) 
schemes. 



Figure 3. The unpolarized singlet quark distribu- 
tion xqj(x, Q 2 ,P 2 ) in LO (solid line) and beyond 
LO. The NLO results are from MS (dash-dotted 
line), OS (long-dashed line), and DIS 7 (short- 
dashed line) schemes. 



6. NUMERICAL ANALYSIS 

The pdf's are recovered from the moments by 
the inverse Mellin transformation. In Fig. 2 we 
plot the singlet quark pdf Aqg(x, Q 2 , P 2 ) of po- 
larized virtual photon both in LO and NLO in 
units of (3N f (e 2 )a/ir) ln(Q 2 /P 2 ). We have taken 
N f = 3, Q 2 = 30 GeV 2 , P 2 = 1 GeV 2 , and the 
QCD scale parameter A = 0.2 GeV. We present 
the NLO results in three different factorization 
schemes, i.e., MS, CI and OS. The CI and OS 
lines cross the x-axis nearly at the same point, 
just below x — 0.5, while the MS line crosses at 
above x = 0.5. This is understandable since we 
saw from Eq.([l3|) that the first moment of Aqg 
vanishes in the CI and OS schemes, while it is neg- 
ative in the MS scheme. As x — > 1, we observe 
that the MS and CI lines continue to increase and 
actually tend to merge, while the OS line starts to 
drop. These behaviors are inferred from Eqs.([l7|- 
p"8| ) . It is noted that the MS line is much different 
from the LO one. We see that OS scheme predicts 
a better behavour for Aq$ than other schemes in 



the sence that the OS line is closer to the LO one 
and does not diverge as x — > 1. 

Concerning the non-singlet quark distribution 
AqJ l3 (x, Q 2 ,P 2 ), we find that when we take into 
account the charge factors, it falls on the singlet 
quark distribution in almost all x region; namely 
two "normalized" distributions Acfg = Aq^/(e 2 ) 
and AqJf S = A(^ s /((e 4 ) — (e 2 ) 2 ) mostly over- 
lap except at very small x region. Finally, com- 
pared with quark pdf's, the gluon distribution 
AC(i, Q 2 , P 2 ) is very much small in absolute 
value except at the small x region. 

In Fig. 3 we plot the singlet quark pdf 
xq 1 s {x,Q 2 , P 2 ) inside unpolarized virtual pho- 
ton target both in LO and NLO in units of 
(3N f (e 2 )a/n) ln(Q 2 /P 2 ). Again we have taken 
N f = 3, Q 2 = 30 GeV 2 , P 2 = 1 GeV 2 , and the 
QCD scale parameter A = 0.2 GeV. We present 
the NLO results in three different factorization 
schemes, i.e., MS, OS and DIS 7 . As in the polar- 
ized case, the MS line deviates from the LO one, 
and diverges as x — > 1. The DIS 7 line is close 



G 



to the LO line below x < 0.7, but negatively di- 
verges as x — ► 1. Again, in the unpolarized case, 
the OS scheme gives a better behavior for xq^. 
Actually, the OS line is closer to the LO one and 
starts to drop to reach the finite value forn 1 . 

7. SUMMARY 

The behaviors of the pdf's inside the virtual 
photon target, polarized and unpolarized, can 
be predicted entirely up to NLO, but they are 
factorization-scheme-dependent. We have stud- 
ied the scheme dependence of the pdf's in the 
virtual photon. In the case of polarized pdf's, 
the scheme dependence is clearly seen in the first 
moments and the large- a; behaviors of quark dis- 
tributions. In the umpolarized case, the scheme 
dependence is also observed in the large- a; behav- 
iors of quark distributions. The NLO quark pdf's 
predicted by the MS scheme deviate substantially 
from the LO results and diverge as x — > 1, for 
both polarized and unpolarized cases. On the 
other hand, the OS scheme gives better behav- 
iors for the quark pdf's in the sence that they are 
close to the LO pdf's and remain finite asu 1. 
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